Retractable structures which alter their geometries according to practical requirements are widely used in roof structures of stadiums for their versatility. A retractable structure based on threefold-symmetric Bricard linkages and rotating rings of tetrahedra is proposed and developed in this paper. By replacing each link of a threefold-symmetric Bricard linkage with a tetrahedron, a retractable structure is obtained which can repeatedly open and close by rotating the tetrahedra. The geometric relationship between the retractable structure and the threefold-symmetric Bricard linkage is derived and ranges of main geometric parameters are determined to ensure a continuous and smooth movement in the deployment of the structure. Then the relative displacement of the support and the open rate of the structure, two main parameters concerned in practical applications, are investigated. Preferred ranges of main geometric parameters are proposed and a physical model is manufactured to verify them. A discussion on some possible improvements and modifications of the structure is also presented.
Introduction
have suggested 3D mechanisms used for deployable structures in space technology. The deployment of these structures depends on the movement of mechanisms. This deployment can be repeated without inducing any strain in structural components. Overconstrained mechanisms such as the Bennett linkage and the Bricard linkage are preferred in deployable structure , because extra stiffness is provided.
In this paper, we develop a retractable structure based on the Bricard linkage. This kind of linkage, which includes three different types of mobile octahedra (Bricard, 1897) and three additional types of mobile linkages 0020-7683/$ -see front matter Ó 2007 Elsevier Ltd. All rights reserved. doi:10.1016 All rights reserved. doi:10. /j.ijsolstr.2007 .018 (Bricard, 1927) , is the most remarkable six-bar overconstrained mechanism with revolute joints. And it is the only six-bar, revolute joints, closed-loop overconstrained mechanisms that is independent of four-bar and fivebar mechanisms. Baker (1980) made a thorough analysis of all the six Bricard linkages by appropriately setting independent closure equations. Recently, presented a kinematic analysis of a new linkage called threefold-symmetric Bricard linkage and pointed out the possibility of applying this linkage in deployable structures.
The ring of tetrahedra is well known in the field of toys making and its associated mathematics problems. It is a rotating ring made of identical tetrahedra which are connected by shared edges acting like hinges. Stalker (1933) described the motion of certain members of rotating rings of tetrahedra as 'amusing and confusing', like a smoke ring. Fowler and Guest (2000) found a symmetry extension of Maxwell's rule for rigidity of frames which strengthened the original one. Later, they studied rings of N tetrahedra by those symmetryadapted versions of classical counting rules of mechanism analysis, and provided a general analysis of the mechanisms and states of self-stress in this subset of rotating rings of tetrahedra (Fowler and Guest, 2005) . The ring of six tetrahedra has three planes of symmetry in each position (condition 1) and the two connecting edges of each tetrahedron are perpendicular to each other (condition 2). If only condition 1 is considered, the ring is still rotatable . Thus, if the six links of a threefold-symmetric Bricard linkage are substituted with six tetrahedra, the structure is still mobile, which ensures the existence of the new retractable structure.
The purpose of this paper is to investigate the geometric and kinematic characteristics of the above-mentioned retractable structure. The layout of this paper is as follows. First, the general configuration of the structure is given in Section 2. Then Section 3 derives the relationship between the structure and its corresponding threefold-symmetric Bricard linkage. The deploying performance of the structure is investigated in Section 4. At last, achievements up to now are concluded, and some possible configurations of the retractable structure are discussed. 
Geometric configuration of the retractable roof
The threefold-symmetric Bricard linkage satisfies the following conditions:
2; 3; 4; 5; 6Þ;
where l jk is the length of a link between two adjacent axes of revolute joints j and k, a jk is the twist angle between axes of adjacent revolute joints j and k (j, k = 1, 2, 3, 4, 5, 6), and R i is the offset between endpoints of two links connected by one revolute joint along the axis i. The configuration of this linkage is shown in Fig. 1 (a). It has three planes of symmetry and also threefoldrotational symmetry. Each link of the linkage is perpendicular to the two axes of adjacent revolute joints it connects. By substituting the links with tetrahedra, a deployable structure is obtained, shown in Fig. 1 Two different configurations of the retractable structure are shown in Figs. 2 and 3. According to their positions in the structure, three of the six connecting edges (AA 1 , CC 1 , and EE 1 ) are called roof-axis, and the other three (BG, DM and FN) called support-axis (Fig. 2) . Supports (G, M and N) Fig. 3 ) of the structure, the roof opens gradually, turning outwards like a flower. On the contrary, when the supports move away from the central axis, the roof closes gradually. And it is fully closed as contact occurs between the inner-faces of tetrahedra.
Relationship between the structure and the threefold-symmetric Bricard linkage
The geometric relationship between the structure and the corresponding threefold-symmetric Bricard linkage is derived in this section. In practice, it is not necessary to know the characteristics of the original linkage. The design work can be done based on the design parameters of the retractable structure a, s, n and g, where a is the projection edge length of the hexagonal roof in fully closed configuration, s is the slope angle of the support-axis, n is equal to c/a, g is equal to d/a, and c is the length of support-axes, d is the height of the fully closed roof. However, some important features of the structure can be summarized from the relationship, which are very helpful for the investigation of the deploying performance of the structure in Section 4.
Because of symmetry, only one tetrahedron A 1 ABG is considered in detail. 
So Eqs. (2)- (4) relate design parameters of the retractable structure to geometric parameters of the threefoldsymmetric Bricard linkage. As a result, once given a retractable structure, the corresponding Bricard linkage can be determined. Following the naming in , (4) is called input-output equation and the curve determined by it called compatibility path. It is obvious that the equation is periodic and the period is 360°for both s and c. According to (4), one of slope angles s or c can be free for any given a. Thus, same as the threefold-symmetric Bricard linkage, the retractable structure has a single DOF, regardless of kinematic bifurcation points. Fig. 5 can reflect some characteristics of the structure. Firstly, when the structure is opening, s is decreasing while c is increasing, which also can be found in physical models we made. Secondly, in one period of the curve, the compatibility paths are discontinuous when 0°6 a < 60°and 120°< a 6 180°. In general, they are two closed loops in space interval I and III, and in II and IV, respectively. In some particular situations (a = 0°or 180°), they are just two points. Because of physical blocked, s or c cannot pass through one close loop to the other. So the structure moves discontinuously in these two ranges. On the contrary, when 60°< a < 120°, the compatibility paths are continuous in space interval I and III, and in II and IV, respectively. Therefore, the structure can move continuously within this range. Thirdly, for a = 60°or 120°, the bifurcation of the compatibility paths appears. Take the case when a = 120°as an example, assuming that the structure moves along the path C120a, when it reaches point K where s = 0°and c = 0°, there are two possible compatibility paths (C120b and C120c) of the structure. In other words, the compatibility path cannot be uniquely determined at the point K.
In conclusion, it is better to choose suitable pairs of s and c to ensure that the value of a is in the range of 60°< a < 120°, thus the structure can have continuous and uniquely determined movement.
Deploying performance of the retractable structure
When the structure moves, attention is focused on its deploying performance. In this section, two main parameters concerned in practical applications, the relative displacement of the support k U and the open rate of the structure k s , are chosen to be investigated to reflect the structure's deploying performance. The case when n = 0.25 and g = 0.2 is considered here. Following the suggestion at the end of Section 3, when À3.8°< s c < 130.7°, the value of a is in the desirable range and the structure can have uniquely determined and continuous kinematic path.
Since DU is the displacement of the support, and DS is the projection area of the central open part during the process of deployment, DU/a (k U ) and DS/S c (k s ) will not be influenced by the dimension of the structure. A detailed derivation is given in Appendix B from which we can obtain the following expressions,
Fig . 6 shows the variations of k U in the deploying process of the structure. It is apparent that k U first increases from k U = 0, and it begins to decrease after passing through the point s = 0. The two cases, k U = 0 and k U = 1, indicate two extreme states of the structure. When k U = 0, the structure is fully closed. When k U = 1, supports G, M and N meet at one point, which only appears in the situation of s c P 95.4°. k U > 1 also appears in Fig. 6 , but it is meaningless because the tetrahedra are considered as rigid bodies. Hence, when s c P 95.4°, we should limit the range of s o to avoid the meaningless part of k U . For example, when À35.5°< s < 35.5°, the value of k U is larger than 1 for the structure that s c = 110°, n = 0.25 and g = 0.2, so we set s o = 35.5°for this structure. When s c < 95.4°, theoretically s o can be any value smaller than s c , but actually it is hard to control the deployment in a practical structure if the supports change their movement direction in the deploying process. Thus, we set s o = 0°. The relationship between k U and k s is shown in Fig. 7 . When s c > 83°(case 1), k s first increases and then decreases in the deploying process of the structure. Note that both curves representing s c = 110°and s c = 130°, pass through the point (1, 0), which means that the structure is fully closed again at last. This phenomenon is shown in Fig. 8(a) . When s c < 83°(case 2), k s rises all the time and a smaller s c corresponds to a larger k s under a settled k U . Each maximum of k s in this case is bigger than it in case 1, which brings a larger central open part of the structure. The deploying way of the structure in case 2 is shown in Fig. 8(b) .
Obviously, structures with s c < 83°are preferred in practical application. A physical model is made to verify the above conclusion, as shown in Fig. 9 . In this case, it should be pointed out that the tangent of the curves increases rapidly, indicating that the increment of the open rate corresponding to a given increment of the support displacement becomes larger in the deploying process. At the end of the process, the tangent trends to be divergent, i.e., a very small k U corresponding to a big increment of k s , which will bring some dynamic affects to the structure and the movement of the structure is difficult to control at this moment.
Discussions
The new retractable structure presented in this paper is based on three-symmetric Bricard linkages and rotating rings of tetrahedra. This paper has established the relationship between them and suggested suitable s and c so the structure can move continuously. The deploying performance of this structure has been analyzed under given n and g. Structures with s c < 83°is preferred in practical application. The correctness of the theoretical analysis has been verified by the physical model.
Finally, some possible improvements and modifications of the structure are discussed here. Firstly, if the tetrahedra are replaced by pentahedra, the retractable roof (Fig. 10) is still feasible. It is found that the displacement and stress in the new model is much smaller than those in the original one, and the stress concentration on roof axes disappears. Secondly, by changing the number and configuration of tetrahedra, some different retractable roofs (Fig. 11 ) are obtained. It should be pointed out that when the number of tetrahedra is more than six, the retractable structures are not based on the Bricard linkage but other types of mechanisms with more than one DOF.
